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BIRATIONAL RIGIDITY IS NOT AN OPEN
PROPERTY
IVAN CHELTSOV AND MIKHAIL GRINENKO
Abstrat. We onstrut an example of the birationally rigid om-
plete intersetion of a quadri and a ubi in P5 with an ordinary
double point, whih under a small deformation gives a non-rigid
Fano variety. Thus we show that birational rigidity is not open in
moduli.
1. Introdution.
In this artile we disuss the question, whih is losely related to the
nature of the birational rigidity notion: whether birational rigidity is
open in moduli, or not?
We onsider all varieties to be dened over an algebraially losed
eld of harateristi 0 (e.g., over C). We reall that a triple µ : V → S
is said to be a Mori bration (also Mori ber spae) if V is a projetive
Q-fatorial terminal threefold, S is a projetive normal variety with
dimS < dimX, and µ is an extremal ontration of bering type, i.e.,
the relative Piard number ρ(V/S) = rkPic(V ) − rkPic(S) is equal
to 1 and (−KV ) is µ-ample. Abusing the notation, we will denote
Mori brations also V → S, V/S, or simply V when the orresponding
ontrations or bases are lear. We have the following possibilities
for Mori brations: Fano varieties (dimS = 0), del Pezzo brations
(dimS = 1), and oni bundles (dimS = 2).
We say that a birational map χ : X 99K X ′ of two Mori brations
X → S and X ′ → S is square if it ts into a ommutative diagram
X
χ
99K X ′
↓ ↓
S
ψ
−→ S ′
where ψ is a birational map, and moreover, χ indues an isomorphism
Xη
≃
−→ X ′η of the bers over the generi point η (or, whih is the same,
χ indues isomorphisms of general bers).
Definition 1.1. A Mori bration X/S is said to be birationally rigid,
if for any birational map ϕ : X 99K X ′ to another Mori bration
X ′/S ′ there is a birational map µ ∈ Bir(X) suh that the omposition
This work was supported by the grants RFBR 05-01-00353a, NSh-9969.2006.1,
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ϕ ◦µ : X 99K X ′ is square, and X/S is birationally superrigid, if µ an
be hosen biregular (or simply an identity map).
Consider a Fano variety X and a birational map ϕ : X 99K X ′
to a Mori bration X ′/S ′. If X is (birationally) rigid, the denition
says that X ′ is isomorphi to X and ϕ an be viewed as a birational
automorphism. If X is superrigid, then ϕ is an isomorphism itself.
One of the most ommon onjeture about birationally rigid vari-
eties was that small deformations keep the rigidity (e.g., [3℄, onjeture
1.4): given any sheme T , and a at family of Mori brations X → S
parameterized by T , the set of all t ∈ T suh that the orresponding
ber Xt → St is birationally rigid, is open in T (possibly empty). In
other words, birational rigidity is open in moduli. Up to this moment,
all known examples of rigid varieties satisfy this onjeture.
Nevertheless, in this paper we show that the onjeture falls. Our
ounter-examples are based on degenerations of the omplete interse-
tions of quadris and ubis in P5. It is known ([8℄, [9℄) that a general
non-singular Fano variety of this kind is rigid. We onstrut a speial
lass of the singular omplete intersetions that are generally non-rigid,
but it ontains a sub-lass of rigid varieties. Our onsideration is based
on ideas of V.A.Iskovskikh and A.V.Pukhlikov's works , and we put
only those plaes of the proof that are dierent from their explana-
tions. At the last setion we give ounter-examples in the lass of del
Pezzo brations.
The essential part of the work was done during the stay of one of
the author at the Max-Plank-Institute fur Mathematik in August-
September 2006, and we would like to express our gratitude to the
Institute for hospitality and exellent ondition for work. The authors
also thank K.Shramov for useful onversations.
2. Main result.
We onstrut the essential family of the singular omplete interse-
tions of quadris and ubis as follows. Let X ⊂ P4 be a quarti given
by the equation
(2.1) ht− q1q2 = 0,
where h, t, q1, and q2 are homogeneous polynomials of degree 1, 3, 2,
and 2 respetively, in the oordinates [y0 : y1 : . . . : y4] in P
4
. We
assume that X has the only 12 dierent ordinary double points given
by the equalities
h = t = q1 = q2 = 0.
It is easy to see that the hyperplane {h = 0} uts o two quadrati
surfaes S1 = {h = q1 = 0} and S2 = {h = q2 = 0}. We have
Pic(V ) = Z[−KX ],
Cl(V ) = Z[−KX ]⊕ Z[S1],
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thus X is not Q-fatorial, so it does not belong to a ategory of Mori
brations. We an get two Mori brations that are birational to X ,
using two "unprojetions" as follows. Let [y0 : y1 : . . . : y5] be the oor-
dinates in P5, and onsider varieties V1 and V2 dened by the equations
(2.2) V1 =
{
y5h = q1
y5q2 = t
, V2 =
{
y5h = q2
y5q1 = t
Note that the polynomials h, t, q1, and q2 do not depend on y5, and we
get the equation (2.1) by exluding the variable y5 from the equations
for V1 or V2. In other words, we an get X from V1 or V2 by the
projetion P5 99K P4 from the point ξ = (0 : . . . : 0 : 1)).
It is easy to hek that under a general hoie of the orresponding
polynomials the varieties V1 and V2 are Fano varieties with a unique
ordinary double point ξ. The birational maps ϕ1 : V1 99K X , ϕ2 :
V2 99K X , and ψ : V1 99K V2 an be desribed as follows. Let α1 : V˜1 →
X be the blow-up of the quadri S2. Thus α1 is the small resolution
of singularities of X with the exeptional lines l˜1, . . . , l˜12. Denote S˜1
and S˜2 the strit transforms of the orresponding quadrati surfaes.
The variety V˜1 is non-singular, and the quadri S˜2 has the normal sheaf
O(−1). So there exists the divisorial ontration β1 : V˜1 → V1 of the
exeptional divisor S˜2. Now we set ϕ1 = α1 ◦ β
−1
1 . The birational
map ϕ2 is onstruted in the same way as ϕ1, but rst we blow up the
quadri S2. Finally, there exists a op γ : V˜1 99K V˜2 entered at all 12
lines l˜1, . . . , l˜12 simultaneously, and we have ψ = β2◦γ◦β
−1
1 : V1 99K V2.
Denote F a family of all the omplete intersetions of quadris and
ubis in P5 that are onstruted like V1 and V2. So we see that eah
variety U1 ∈ F has its birational "ounterpart" U2 like V1 and V2, and
U1 is not isomorphi to U2 in general. Indeed, any isomorphism of
U1 and U2 is indued by an automorphism of P
5
that keep xed the
singular point (0 : . . . : 0 : 1). Thus the projetion from this point
indues also an involution of P4. The equation of the orresponding
quarti is invariant with respet to the involution, whih hange the
plaes of q1 and q2 in (2.1). It is impossible in general ase (e.g., we
an hoose an equation for h whih is not invariant with respet to any
suh an involution).
Now we onstrut the subfamily Fr ⊂ F . Consider a reetion
ι : P4 → P4 given by the following ation:
(2.3)
{
y0 → −y0
yi → yi, i = 1 . . . 4
We ontinue the ation of ι assuming y5 → y5. Let h and t be homo-
geneous polynomials of degree 1 and 3 in the variables y1, . . . , y4, and
q be a homogeneous polynomial of degree 2 in the variables y0, . . . , y4.
Thus h and t are invariant with respet to the reetion ι. Consider a
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quadri X ⊂ P4 given by the equation
ht− qι∗(q) = 0.
We an hoose the birational modiations of X as before, and get
Fano varieties
(2.4) V1 =
{
y5h = q
y5ι
∗(q) = t
, V2 =
{
y5h = ι
∗(q)
y5q = t
We see immediately that ι(V1) = V2, i.e., V1 and V2 are isomorphi, and
the birational map ψ : V1 99K V2 is atually a birational automorphism.
Let us x the reetion ι, and suppose Fr onsisting of varieties of
the kind (2.4). Obviously, Fr ⊂ F , and we an make an important
observation that varieties from F an be viewed as small deformations
of varieties from Fr.
Now we desribe some onditions of generality for varieties of these
two families. Let Q and T be a quadri and a ubi in P5, and V
their omplete intersetion with a unique ordinary double point ξ. We
assume that V satises the following additional onditions of generality:
G1 : the quadri Q is non-singular;
G2 : if l ⊂ V is a line and P ∈ P5 is a plane that ontains l, then
the sheme-theoretial intersetion V ∩P is redued along l (in
ase ξ 6∈ l it means that the normal sheaf Nl|V ≃ O ⊕ O(−1),
see [9℄, hapter 3, proposition 1.1);
G3 : for any plane P ⊂ P5, the intersetion V ∩P is not three lines
with a ommon point, and if ξ ∈ P , it does not onsist of any
three lines;
G4 : given l ⊂ L ⊂ P5, where l ⊂ V is a line through the point ξ
and L is a three-dimensional subspae suh that Q|L onsists of
two planes (with the ommon line l), then L is not the tangent
spae to V for any point in l \ {ξ};
G5 : let l ⊂ V be a line, ξ ∈ l, then for eah point B ∈ l \ {ξ}
there are not more than 3 lines passing through B (inluding l
itself).
Our main result is the following:
Theorem 2.1. (i) A general variety from Fr or F satises the ondi-
tions G1, . . . ,G5.
(ii) Let V1 and V2 be general varieties from F or Fr given by the equa-
tions (2.2). Then V1 and V2 are unique Mori brations in their lass
of birational equivalene, and they are isomorphi if they belong to the
subfamily Fr.
From this theorem we an dedue immediately:
Corollary 2.2. Birational rigidity is not open in moduli.
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Indeed, by the part (ii) of theorem 2.1, general varieties from the
family Fr are birationally rigid, but general varieties from F are non-
rigid. So we onlude that birational rigidity is not kept by small
deformations.
Thus, it is proved that a general V ∈ F has exatly 2 dierent models
of Mori bration, both of them are Fano varieties. The rst example
of this kind was onstruted by A.Corti and M.Mella in [5℄. From the
viewpoint of their work, general varieties from F have the pliability to
be equal to 2, and equal to 1 for varieties from Fr.
The further exposition is organized as follows. We prove the part (i)
of theorem 2.1 in setion 3, and the part (ii) in setions 4, 5, and 7.
We onlude with some further examples in setion 8.
3. Generality onditions.
In this setion we prove the part (i) of theorem (2.1) in lemmas 3.3
and 3.4. Is is lear that it is enough to prove the generality ondi-
tions G1, . . . ,G5 only for varieties from Fr, the result for F will follow
automatially.
Let [y0 : y1 : . . . : y5] be the oordinates in P
5
. We assume the
reetion ι to be dened by{
y0 → −y0
yi → yi, i = 1, . . . , 5.
The set of xed points of ι are the plane F = {y0 = 0} and the point
ζ = (1 : 0 : . . . : 0). We hoose the polynomials h, t, q as follows:
h(y∗) =
∑4
i=1 αiyi,
q(y∗) = Ay
2
0 + y0
∑4
i=1 βiyi +
∑
1≤i≤j≤4 γijyiyj,
t(y∗) =
∑
1≤i≤j≤k≤4 δijkyiyjyk + y
2
0
∑4
i=1 εiyi.
Assuming a variety V ∈ Fr to be the omplete intersetion of a quadri
Q and a ubi T , we have the following equations for these varieties:
(3.1){
y5
∑
αiyi = Ay
2
0 + y0
∑
βiyi +
∑
γijyiyj;
y5 (Ay
2
0 − y0
∑
βiyi +
∑
γijyiyj) =
∑
δijkyiyjyk + y
2
0
∑
εiyi;
where the oeients A, αi, βi, γij, δijk, and εi are the parameters.
Notie that V has a singular point at ξ = (0 : . . . : 0 : 1). We will
always assume that the oeient A is not 0, thus V does not pass
through the point ζ (the isolated xed point of the reetion ι).
Lemma 3.1. Let l ⊂ V be a line that does not pass trough the singular
point ξ ∈ V . Then l does not interset the line L ⊂ P5 through the
points ζ and ξ.
Proof. Assume the onverse, i.e., l ∩L 6= ∅. Then there exists a plane
P suh that l, L ⊂ P . We may suppose that l intersets the hyperplane
F at the point (0 : 1 : 0 : 0 : 0 : 0), and sine L = {y1 = y2 = y3 = y4 =
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0}, the plane P is dened by {y2 = y3 = y4 = 0}. Notie that A 6= 0
by the assumption, so P 6⊂ Q.
The restrition Q|P gives us a oni
α1y1y5 = Ay
2
0 + β1y0y1 + γ11y
2
1,
as it follows from the equation (3.1). On the other hand, l ⊂ Q|P ,
so the equation before have to be a prodution of two linear forms.
From this we dedue that α1 = 0, thus ξ ∈ l, whih ontradits to the
onditions. Lemma 3.1 is proved.
Lemma 3.2. Let V be a general variety in Fr, and l ⊂ V a line that
does not pass through the singular point ξ ∈ V . Then l 6⊂ F .
Proof. We will argue by ounting of dimensions. Sine ξ 6∈ l, we an
take the projetion P5 99K P4 and prove the lemma the the quarti X ,
whih is the image of V .
Suppose l′ ⊂ F ′, where the line l′ and the hyperplane F ′ = {y0 = 0}
are the images of l and F respetively. Then the restrition X ′ = X|F ′
has the equation(∑
αiyi
)(∑
δijkyiyjyk
)
+
(∑
γijyiyj
)2
= 0.
We may suppose that l′ is dened by the equations y3 = y4 = 0 in F
′
,
so from l′ ⊂ X we have the following onditions:
α1δ111 + γ
2
11 = 0,
α1δ112 + α2δ111 + 2γ11γ12 = 0,
α1δ122 + α2δ112 + 2γ11γ22 + γ
2
12 = 0,
α1δ222 + α2δ122 + 2γ12γ22 = 0,
α2δ222 + γ
2
22 = 0.
It is not very diult to hek that we they gives 5 independent on-
ditions. Let X ′ be the set of all two-dimensional quartis that are
dened by equations of the same form as X ′. Consider the prodution
G(2, 4)×X ′ with the orresponding projetions p and q ontoG(2, 4) and
X ′ respetively, and a subvariety I = {(l′, X ′) : l′ ⊂ X ′} ⊂ G(2, 4)×X ′.
Now we have
dim I = dimX ′ − 5 + dimG(2, 5) = dimX ′ − 1 < dimX ′.
Thus a general variety X , and hene a general V ∈ Fr, has no lines
with the indiated onditions. Lemma 3.2 is proved.
Lemma 3.3. A general variety V ∈ Fr satises ondition G1.
Proof. The lemma is obvious: the quadri Q is non-singular a for
general hoie of the parameters in the equation (3.1).
In what follows, instead of xing the reetion ι, we will x the
hyperplane F , the point ξ, whih will be the singular point for our
varieties, and the line l 6⊂ F (see lemma 3.2), and then will move in P5
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the xed point ζ of the reetion. Notie also that any linear trans-
formation of the oordinates y1, . . . , y4 keeps the look of the equations
(3.1).
Thus we x a new oordinates [x0 : . . . : x5] in P
5
and assume
F = {x0 = 0}, l = {x2 = . . . = x5 = 0}, ξ = (0 : . . . : 0 : 1),
ζ = (1 : −a1 : −a2 : −a3 : −a4 : −a5). The relation between the two
system of oordinates is given by
(3.2)


y0 = x0;
yi = xi + aix0, i = 1, . . . , 4;
y5 = x5 + bx1 + (a5 + ba1)x0;
where b and ai are some numbers. The reetion ι ats now as follows:
x0 → −x0;
xi → xi + 2aix0, i = 1, . . . , 5.
Lemma 3.4. A general variety V ∈ Fr satises onditions G2, G3, G4,
and G5.
Proof. In all ases, we argue by ounting the dimensions. First we
onsider ondition G2, the ase ξ 6∈ l. Let l ⊂ V be a line, and L ⊂ P5
be a line that passes trough the points ξ and ζ . By lemmas 3.1 and
3.2, for any l we may assume l 6⊂ F and l ∩ L = ∅. Consider an open
subset of a variety of (1, 2)ags T = {(l, P ) : l ⊂ P, l 6⊂ F, l ∩ L = ∅},
and a losed subset S = {(l, P ) : P ⊂ 〈l, L〉} ⊂ T , where 〈l, L〉 denote
a unique 3-dimensional linear subspae that ontains both the lines. It
easy to ompute that dimT = 11 and dimS = 6.
Consider a ag (l, P ) ∈ T \ S. Then we hoose the oordinates
[x0 : . . . : x5] as before this lemma, and we an assume l = {x2 =
x3 = x4 = x5 = 0} and P = {x3 = x4 = x5 = 0}. It is important
to observe that the numbers a3 and a4 an not vanish simultaneously
beause P 6⊂ 〈l, L〉. Suppose l ⊂ V and V ∩ P is not redued along l.
Then we substitute the oordinates [y∗] for [x∗] in the equation (3.1)
using the system (3.2), and look at the restritions Q|P and T |P . By
the assumption, these restritions are not redued along l. It is not very
diult to see that this gives 12 independent linear onditions for the
oeients in (3.1). Consider a subvariety I ⊂ T \ S×Fr onsisting of
all pairs ((l, P ), V ) suh that l ⊂ V and V ∩ P is not redued along l.
Then dim I = dimT \S+dimFr− 12 = dimFr− 1, thus I an not o
ver Fr under the projetion T \ S × Fr → Fr. We argue by the same
way for the situation (l, P ) ∈ S, with a few modiations. Exatly,
here a3 = a4 = 0, but a2 6= 0 sine l ∩ L = ∅. Depending on the
mutual loation of ξ and P , we obtain 9 or 10 linear onditions for the
oeients in (3.1). It remains to take into aount that dimS = 6.
So nally we see that the ondition holds for a general V and lines l
suh that ξ 6∈ l.
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The ase ξ ∈ l ⊂ V for the ondition G2 and the onditions G3, G4,
and G5 an be proved in the same way by ounting the dimensions.
Lemma 3.4 is proved.
4. Maximal singularities entered at smooth points.
Consider a general variety V ∈ F . We assume that V satises the
onditions G1G5. In this setion we prove the following result:
Proposition 4.1. Let D ⊂ |n(−KV )| be a linear system on V without
xed omponents. Suppose D has no maximal singularities entered
at urves. Then D has no maximal singularities entered at points in
V \ {ξ}.
We use the method of maximal singularities ([12℄). Suppose that
D has a maximal singularity entered at the point B0 ∈ V \ {ξ}. It
means that there exists a disrete valuation v entered at B0 suh that
the Nother-Fano inequality for D with respet to v holds: v(D) > nδv.
Here δv means the anonial multipliity with respet to v. Then we
know ([11℄) that there exists a disrete valuation vdiv that is entered
at B0 and an be realized by a weighted blow-up with the weights
(1, L,N), where 1 ≤ L < N or N = L = 1. In its turn, the weighted
blow-up an be realized as a hain of usual blow-ups
VN
ϕN−→ VN−1
ϕN−1
−→ . . .
ϕ2
−→ V1
ϕ1
−→ V0 = V
with enters Bi−1 ⊂ Vi−1 and exeptional divisors Ei ⊂ Vi, where:
• B0, . . . , BL−1 are points and BL, . . . , BN−1 are urves;
• BL is a line in EL ∼= P2, Bi for i > L is a setion of the
orresponding linear surfae Ei ∼= Fi+1−L that does not interset
the minimal setion;
• in all ases Bi∩Eii−1 = ∅ (upper indies denote the strit trans-
form of a urve or a divisor on the orresponding oor of the
hain of blow-ups).
Denote νi = multBi−1 D
i−1
, i > 0. Then the Nother-Fano inequality
looks as follows:
(4.1) ν1 + . . .+ νN > n(L+N).
We onsider the following possible ases:
• N > L > 1  the general innitely near ase;
• N > L = 1  the speial innitely near ase (we blow up the
point B0 and then the urves B1, . . . , BN−1);
• N = L = 1  the "point" ase (vdiv is realized by a single
blow-up of the point B0, and then ν1 > 2n).
Suppose that there is no lines on V that pass through the point B0
or all suh lines does not ontain the singular point ξ ∈ V . Then we
an use the argumentation of the paper [9℄. So in what follows, we
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assume that l is one of the 12 lines on V that pass through the singular
point ξ, and B0 ∈ l.
The general innitely near ase. Let D1 and D2 be general ele-
ments of the linear system D. Then we an put
D1 ◦D2 = αl + C,
where C is the residual urve, l 6⊂ SuppC, and general H ∈ | − KV |
we have
deg (αl + C) = α + degC = (αl + C) ◦H = 6n2.
We introdue the number k by
k = max
{
i ≤ L : Bi−1 ∈ l
i−1
}
.
Clearly, k > 0, and either k = L or Bk 6∈ lk. Then, we have the
so-alled quadrati inequality for the yle D1 ◦D2 (see [12℄):
L∑
i=1
multBi−1 (D1 ◦D2)
i−1 ≥
N∑
i=1
ν2i > n
2 (N + L)
2
N
,
or, denoting mi = multBi−1 C
i−1
,
kα +
L∑
i=1
mi > n
2 (N + L)
2
N
.
Assume k = 1, i.e., B1 6∈ l1. Then the linear system | −KV −B0−B1|
(those elements from | −KV | that pass through B0 and the innitely
near point B1) has no basi urves on V . For a general H ∈ | −KV −
B0 −B1| we have
m1 +m2 ≤ C ◦H = 6n
2 − α,
and from the quadrati inequality we get a ontradition:
3n2L ≥ α + (3n2 −
1
2
α)L ≥ α +
L∑
i=1
mi > n
2 (N + L)
2
N
> 4n2L.
So we assume k ≥ 2. Using a general element H of the linear system
| −KV − B0 − . . .− Bk−1|, we have
m1 + . . .+mk ≤ C ◦H = 6n
2 − α,
and from the quadrati inequality we get
kα + 6n2 − α +
6n2 − α
k
(L− k) > n2
(N + L)2
N
,
or an even more rough estimation,
(4.2) (k − 1)α+ 6n2
L
k
> n2
(N + L)2
N
.
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Now one needs to get an upper estimation of α. Denote µ = multlD
and ν0 = multξD. Clearly, ν0 ≥
1
2
µ. Consider the birational mor-
phisms
V˜
ϕ˜
−→ V ′
ϕ′
−→ Vk−1,
where ϕ′ is the blow-up of the singular point ξ with the exeptional
divisor E ′ ∼= F0, and ϕ˜ the blow-up of the strit transform of the line
l. Denote E˜ the exeptional divisor of ϕ˜, and H˜ the strit transform of
the linear system |H −B0 − . . .−Bk − l|. It is easy to see that H˜ has
no basi urves, and moreover, this linear system is ample on E˜ ∼= F1
(indeed, H˜|E˜ ⊂ |s+ 2f |, where s and f are the minimal setion and a
ber of E˜ respetively). We observe two important things. First,
(4.3) D˜|E˜ ⊂ |µs+ (n + (k + 1)− ν1 − . . .− νk − ν0)f |,
and denoting θ = 1
k
(ν1 + . . .+ νk), we get
(4.4) (k +
1
2
)µ+ n ≥ kθ.
Seond, we have
D˜1 ◦ D˜2 ◦ H˜ = 6n
2 − kθ2 − 2µ(n− kθ)− ν20 − (µ− ν0)
2 − (k + 1)µ2,
hene
α ≤ µ2 + D˜1 ◦ D˜2 ◦ H˜ < 6n
2 − kθ2 − 2µ(n− kθ)− kµ2.
This quadrati gets its maximal value at
µ =
kθ − n
k
,
and we have
(4.5) α < 6n2 − kθ2 +
(kθ − n)2
k
.
Notie that if θ ≤ 5
4
n, from the Nother-Fano inequality (4.1) we obtain
N > 4L, and we get a ontradition with (4.2). So we assume θ > 5
4
n,
and taking into aount that α ≤ 6n2, from (4.5) we have
(4.6) α <
23
6
n2.
On the other hand, from (4.4) we obtain
θ ≤
(k + 1
2
)µ+ n
k
≤
3
2
n,
and then the Nother-Fano inequality (4.1) yields
N > 2L.
This estimation and the inequality (4.2) give
(4.7) L
(
k − 1
L
α +
6n2
k
)
>
9
2
n2L.
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Suppose L ≥ k + 1. Then from (4.6) and (4.7) we get k < 2, a
ontradition.
So we assume L = k ≥ 2. Let us note that there are two lines on
the exeptional divisor E ′ ∼= F0 that pass through the point l′ ∩ E ′,
and for at least one of them, say p, its strit transform p˜ on V˜ does
not interset the minimal setion of the divisor E˜. Denoting by ε the
multipliity of D′ along p, we see easily
(4.8) ε ≥ µ− ν0.
Then, sine L = k, the strit transform B˜k of the line Bk intersets the
divisor E˜ at a point that is dierent from p˜ ∩ E˜. Let h be a general
element of the linear system |s + 2f | on E˜ that passes through both
the points p˜ ∩ E˜ and B˜k ∩ E˜, where s and f are the minimal setion
and a ber of E˜. Taking into aount (4.3), for a general D ∈ D we
obtain
D˜|E˜ ◦ h = (k + 2)µ+ n− ν1 − . . .− νk+1 − ν0 − ε.
Denote θ = 1
k+1
(ν1 + . . .+ νk+1). Then, if ν0 ≥ µ, we get
θ ≤
k + 2
k + 1
n.
We have the same estimation even if ν0 < µ, using ε ≥ µ−ν0. Anyway,
sine k ≥ 2, we nd θ ≤ 4
3
n, and from the Nother-Fano inequality (4.1)
we see that N > 3L. Combining this estimation with (4.2), one gets
L
(
k − 1
k
α+
6n2
k
)
>
16
3
n2L,
and we have a ontradition with the estimation (4.6). The general
innitely near ase is dealt.
The speial innitely near ase. In this ase L = 1, and we an
always assume N ≤ 3. Indeed, if N ≥ 4, we immediately get a ontra-
dition with the quadrati inequality (4.2).
The ase an be dealt exatly in the same way as in [9℄, so here we
only give a ouple of remarks. Consider a unique plane P ⊂ P5 that
ontains the point B0 and the innitely near line B1. If ξ 6∈ P , we
do not need any hanges with respet to [9℄. Suppose ξ ∈ P , and let
M be a general hyperplane in P5 that ontains P . Then the surfae
H = M ∩ V is a K3 surfae with a unique singular (double) point at
ξ. We follow the original explanations in [9℄, but rst we blow up the
singular point of H . It is not diult to observe that we get even more
strong estimations. The unique ase that an not be dealt is the ase
of three dierent lines P ∩ V . Two of them must have their ommon
point at ξ. But this situation is prohibited by the ondition G3.
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The "point" ase. Let the linear system D has the multipliity
ν1 > 2n at the point B0 6= ξ, and there is a line l ⊂ V that ontains B0
and ξ. Our onsideration follows to the ones in [9℄, with simpliations.
Let T be a three-linear subspae in P5 that is tangent to V at B0.
From the ondition G4 it follows that Q|T is a non-degenerate quadrati
one with the vertex at B0. The restrition V |T onsists of the lines
l = l1, . . . , lk that are generators of the one, and the residual urve C.
The important observation is that the sheme-theoreti intersetion
T ∩ V is redued along any of the lines l1, . . . , lk by the ondition G2.
Notie also that k ≤ 3 by the ondition G5. The residual urve C is
redued and irreduible (if we blow up the vertex of the one Q|T , it
beomes a setion of the orresponding ruled surfae of type F2).
Denote µi = multli D, i = 1, . . . , k, and α = multC D. Consider a
general hyperplane M ⊃ T , its restrition H = M ∩ V , and a general
element D ∈ D. Then:
• H is a K3 surfae with double (du Val) points at B0 and ξ;
• D|H = αC+µ1l1+. . .+µklk+R, where SuppR does not ontain
any of the urves C, l1, . . . , lk.
The last fat is important: the multipliities of these urves in D|H
oinide with the multipliities of the linear system D along the orre-
sponding urves. It follows from the indiated important observation.
In fat, we an even assume that H has only ordinary double points
at B0 and ξ. Indeed, sine the intersetion T ∩ V is redued along l1
and C, this urve is a normally rossing divisor at a neighborhood of
ξ, and it remains to take into aount that V itself has an ordinary
double point there. Moreover, sine Q|T is a non-degenerate quadrati
one by the ondition G4, the general hyperplane setion H has also an
ordinary double point at B0.
Let V ′ → V be the blow up of the point B0, and H ′ the strit
transform of H . Then H ′ is non-singular outside of ξ. Mark it by ′the
strit transforms of all the urves li and C. Denote R
′ = D′|H′−αC ′−
µ1l
′
1 − . . .− µll
′
k. We have
R′ ◦ C ′ = (6− k)n− (4− k)ν1 +
3
2
α− 1
2
µ1 − µ2 − . . .− µk ≥ 0,
R′ ◦ l′1 = n− ν1 +
3
2
µ1 −
1
2
α ≥ 0,
R′ ◦ l′2 = n− ν1 + 2µ2 − α ≥ 0,
· · ·
R′ ◦ l′k = n− ν1 + 2µk − α ≥ 0.
Take the sum of all this equations,and we obtain
6n+ µ1 + . . .+ µk ≥ (k − 2)α + 4ν1 > (k − 2)α + 8n,
and if k ≤ 2, we get a ontradition with the ondition µi ≤ n for all i
(we suppose there are no maximal singularities along urves). Assume
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k = 3, then we see that
1
2
µ1 + µ2 + µ3 ≥
7
6
α +
4
3
ν1 −
4
3
n,
and ombining it with the rst equation, we obtain
13
3
n+
1
3
α ≥
7
3
ν1 >
14
3
n,
and this yields a ontradition sine α ≤ n.
Notie that we assume k ≤ 3 by the ondition G5 (the method does
not work for k = 4, the reader an hek it by himself). Lemma 4.1 is
proved.
5. Maximal singularities entered at urves.
Let V ∈ F be the omplete intersetion of a quadri Q and a ubi
T with an ordinary double point ξ, as before. We suppose all the
onditions G1, . . . ,G5 are satised.
Remark 5.1. Let Λ be a three-dimensional linear subspae in P5. Then
V |Λ is redued along every its non-plane omponent. Indeed, the inter-
setion V |Λ does not ontain non-plane urves in the ase when Λ∩Q is
reduible. On the other hand, a ubi surfae in P3 does not interset
an irreduible quadri surfae by a double twisted ubi.
We x a linear system D ⊂ | − nKV | that has no xed omponents.
Let B an irreduible urve on V , and Λ be the linear span of a urve
B onsidered as a linear subspae in P5. Put ν = multB(D).
Proposition 5.2. Suppose that ν > n, i.e., D has a maximal singu-
larity along B. Then one of the following holds:
(1) B is a line;
(2) B is a oni, and Λ ⊂ Q;
(3) B is a oni, and ξ ∈ B.
Proof. The proof of the proposition is similar to the proof of lemma 3.6
in [9℄ but we do our alulation on V (not on its blow ups), beause the
laim of the proposition is simpler than the laim of lemma 3.6 in [9℄,
whih is used not only to exlude urves on the non-singular omplete
intersetion of a quadri and a quarti but also to nd relations between
birational involutions.
We may assume that ξ ∈ Λ due to [9℄. Moreover, we assume that
ξ ∈ B, beause the proof is simpler in the ase when ξ 6∈ B. The proof
onsists of several lemmas.
Lemma 5.3. The urve B is not a plane ubi.
Proof. Suppose that B is a plane ubi. Then Λ ⊂ Q. Let Λ be
a general a three-dimensional subspae ontaining B. Then Λ ∩ V =
B ∪ B¯, where B¯ is a plane ubi.
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The urves B and B¯ interset in three distint points, dierent from
ξ. Hene, for a general surfae D ∈ D we have
3n = D · B¯ ≥ 3ν,
whih is a ontradition. The lemma is proved.
We may assume that dimΛ ≥ 3. The inequality ν > n implies that
degB ≤ 5.
Lemma 5.4. The following ases are impossible:
• the urve B is a rational normal urve of degree 4 suh that
Λ = P4;
• the urve B is a rational normal urve of degree 5 suh that
Λ = P5;
• the urve B is an ellipti normal urve of degree 5 suh that
Λ = P4.
Proof. Suppose B is smooth. Put d = degB. Take the smallest
natural number m ≤ d suh that the following onditions hold:
• the urve B is ut out on the threefold V in a set-theoreti sense
by surfaes of the linear system |−mKV | that pass through the
urve B;
• the sheme-theoreti intersetion of two suiently general sur-
faes of the linear system |−mKV | passing through B is redued
in the general point of B.
Let ψ : V ′ → V be the extremal blow up of the urve B (see [13℄),
E be the exeptional divisor of ψ, and H ′ = ψ∗(−KV ). Then(
mH ′ − E
)
·
(
µH ′ − νE
)2
≥ 0,
beause the proper transform of the linear system D on the threefold V ′
does not have xed omponents, but mH ′−E is nef (see Lemma 5.2.5
in [4℄). Hene, the inequality
(5.1) 6mn2 − dmν2 − 2dνn− n2
(
2− 2g(B)− d−
1
2
)
≥ 0
holds (see Lemma 15 in [10℄, and the proof of Lemma 2 in 3 in [9℄).
Putting m = 2 in the inequality 5.1, we onlude the proof. The
lemma is proved.
Thus, we see that either Λ = P3, or B is a urve of degree 5 suh
that Λ = P4.
Lemma 5.5. Either Λ = P3, or the urve B is singular.
Proof. Suppose that the urve B is a smooth rational urve of degree
5 suh that Λ = P4, whih implies that B is an image of a smooth
rational urve of degree 5 in P3 via general projetion. The urve B
is smooth. Thus, we an use the assumptions and notations of the
proof of Lemma 5.4. Putting m = 3 in the inequality 5.1, we obtain a
ontradition. The lemma is proved.
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Lemma 5.6. Either Λ = P3, or the urve B is smooth at ξ.
Proof. We may assume that the urve B is a urve of degree 5 suh
that Λ = P4, and the urve B is singular at the point ξ. Let W be a
suiently general surfae of the linear system | − 3KV | that ontains
the urve B. Put ν0 = multξ D.
Let g0 : V¯ → V be a blow up of the singular point ξ, W¯ be the proper
transform of the surfae W on V¯ , B¯ be a proper transform of the urve
B on V¯ , and E0 be the exeptional divisor of g0. Then degNB¯|V¯ = 1.
Let g : V˜ → V¯ be a blow up of the urve B¯. Then the linear system∣∣∣(g0 ◦ g)∗(− nKV )− ν0g∗(E0)− νE
∣∣∣
does not have xed omponents, where E is the g-exeptional divisor,
but the omplete linear system |g∗(W¯ )−E| does not have base urves.
Thus, we have(
(g0◦g)
(
−nKV
)
−ν0g
∗(E0)−νE
)2(
(g0◦g)
(
−3KV
)
−g∗(E0)−E
)
≥ 0,
whih implies that
0 ≤ 18n2−10nν−12ν2+4νν0−ν
2
0 = (18n
2−10nν−8ν2)−(2ν−ν0)
2 < 0,
whih is a ontradition. The lemma is proved.
Lemma 5.7. The urve B is not a urve of degree 5 that is smooth at
ξ suh that Λ = P4.
Proof. Suppose that the urve B is a singular rational urve of degree
5 that is singular at some point p1 ∈ B suh that p1 6= ξ and Λ =
P4. Let us use the arguments of the proof of Lemma 5.6 to derive a
ontradition
1
.
Let g0 : V¯ → V be a blow up of the points ξ and p1, W¯ be the proper
transform of the surfae W on V¯ , B¯ be a proper transform of the urve
B on V¯ , and E0 and E1 be the exeptional divisors over the points ξ
and p1. Then degNB¯|V¯ = −2.
Let g : V˜ → V¯ be a blow up of B¯. Then the linear system∣∣∣(g0 ◦ g)∗(− nKV )− ν0g∗(E0)− ν1g∗(E1)− νE
∣∣∣
has no xed omponents, where E is the g-exeptional divisor, ν0 =
multξD and ν1 = multp1 D.
The linear system |g∗(W¯ ) − E| does not have base urves. Thus,
taking the intersetion index of a general element of this linear system
1
In fat, we an apply here use the arguments of the proof of Lemma 5.4. The
inequality 5.2 holds in the ase when B is smooth at ξ, but instead of genus g(B)
we must plug in the arithmeti genus of the urve B, whih gives a ontradition,
beause the urve B is ut out by ubi hypersurfaes.
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with two general elements of the system above, we have
0 ≤ 18n2 − 10nν − 14ν2 + 2νν0 − ν20 + 4νν1 − ν
2
1 =
= (18n2 − 10nν − 9ν2)− (ν − ν0)
2 − (2ν − ν1)
2 < 0,
whih is a ontradition. The lemma is proved.
Thus, we proved that Λ = P3. Put Λ = Λ. Then
V |Λ = B ∪ B¯,
where B¯ is a urve on the omplete intersetion V suh that B¯ 6= B (see
Remark 5.1). The quadri Q|Λ is either a smooth quadri surfae, or an
irreduible quadri one, beause Λ is the linear span of the irreduible
urve B.
Remark 5.8. We onsider only the ase when B is a smooth rational
urve of degree 3. The other ases are muh simpler and left to the
reader.
Let Υ be the hyperplane in P5, that is tangent to the quadri Q
at the point ξ, H be a suiently general hyperplane setion of the
threefold V that passes through the urve B, and pi : S → H be the
minimal resolution of singularities of the surfae H .
Lemma 5.9. The point ξ is a singular point of type Ak on the surfae
H. The inequality k ≤ 2 holds if Λ 6⊂ Υ.
Proof. Let ζ : U → V be a blow up of the point ξ, E be the exeptional
divisor of ζ , and H˜ be the proper transform of the surfae H on the
threefold U . Then E ∼= P1×P1, and the birational morphism pi : S → H
an be fatorized through an indued morphism ζ |H˜ : H˜ → H . Either
the intersetion E ∩ H˜ is irreduible, or the intersetion E∩ H˜ onsists
of two bers of two dierent projetions E → P1, respetively. In the
former ase, we have k = 1, but in the latter ase we see that ξ is an
isolated Du Val singular point of the surfae H of type Ak, and ζ |H˜ is
a partial resolution of singularities of the surfae H .
Suppose that Λ 6⊂ Υ. Let us show that k ≤ 2. We may assume that
k 6= 1, whih implies that E ∩ H˜ = E1 ∪ E2. Put O = E1 ∩ E2. To
onlude the proof, we must show that the surfae H˜ is smooth at the
point O.
Let [y0 : y1 : . . . : y5] be the oordinates in P
5
. Then V an be dened
by the equation{
y5h(y0 : y1 : y2 : y3 : y4)− q1(y0 : y1 : y2 : y3 : y4) = 0,
y5q2(y0 : y1 : y2 : y3 : y4)− t(y0 : y1 : y2 : y3 : y4) = 0,
where h, qi and t are homogeneous polynomial of degree 1, 2 and 3,
respetively. The point ξ is given by y1 = y2 = y3 = y4 = 0, the quadri
Q is given by the equation y5h − q1 = 0, the ubi T is given by the
equation y5q2 − t = 0, and Υ is given by the equation h = 0.
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Let ϕ : V 99K X be a projetion from ξ, where X is a quarti three-
fold in P4. Then X an be naturally dened by the equation
ht− q1q2 = 0,
where [y0 : y1 : y2 : y3 : y4] are oordinates on P
5
. The threefold X
has 12 dierent ordinary double points given by the equalities h = t =
q1 = q2 = 0, ϕ(Υ) is a hyperplane h = 0, and ϕ(Λ) is a plane that is
not ontained in ϕ(Υ). There is a ommutative diagram
U
ζ
 


 η
  
@@
@@
@@
@@
V ϕ
//_______ X,
where η is a birational morphism that ontrats 12 smooth rational
urves to 12 singular points of X , respetively. Then η(E) is a quadri
surfae on X that is given by the equations h = q1 = 0, the urves
η(E1) and η(E1) are lines on η(E) suh that η(E1) ∩ η(E2) = η(O).
Moreover, the plane ϕ(Λ) interset the quadri η(E) either by the line
E1, or by the line E2.
We may assume that ϕ(Λ) ∩ η(E) = E1. Put H˘ = ϕ(H). Then
ϕ(H) is a general hyperplane setion of the threefold X that ontains
X ∩ ϕ(Λ). To prove that H˜ is smooth at the point O, it is enough to
prove that ϕ(H) is smooth at η(O), whih follows from the fat that
the one-yle X · ϕ(Λ) is redued along E1. On the other hand, the
yle X · ϕ(Λ) is not redued along E1 if and only if the ubi t = 0
ontains the line E1, whih implies that the line E1 ontains two-points
singular points of X that are ut out on E1 by the equation q2 = 0.
However, it follows from onditions G2 and G3 that the line E1 ontains
at most one singular point of X . The lemma is proved.
Note, that multξ(B ∪ B¯) ≥ 4 if Λ ⊂ Υ.
Lemma 5.10. The yle B¯ is not a triple line.
Prof. Suppose B¯ = 3L, where L is a line on H . Put Q¯ = Q|Λ and
T¯ = T |Λ. Then
Q¯ · T¯ = 3L+B,
and Q¯ is irreduible.
Suppose that Q¯ is smooth. Then Q¯ ∼= P1 × P1, and B must be a
divisor of type (3, 0) on the quadri Q¯, whih is impossible, beause B
is irreduible and redued.
The quadri Q¯ is a one, and L is on of its rulings. Then either the
ubi T¯ is singular along L, or the ubi T¯ is tangent to the quadri
Q¯ along L. Hene, there is a two-dimensional linear subspae Ω ⊂ P5
that is tangent to both T¯ and Q¯ along L.
The sub-sheme V |Ω is not redued along L, whih ontradits the
ondition G2. The lemma is proved.
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It follows from Lemma 1 in 4 in [9℄ that Λ is a tangent linear sub-
spae to V in at most two points outside of the singular point ξ. In
fat, the subspae Λ is a tangent linear subspae to V in at most one
point, beause otherwise the quadri Q|Λ is reduible.
Remark 5.11. Suppose that Λ is a tangent linear subspae to V at a
point O 6= ξ. Then O is an isolated ordinary double point of H , and
multO(B ∪ B¯) ≥ 4.
Corollary 5.12. The surfae H has at most isolated ordinary double
points outside of the singular point ξ.
The birational morphism pi ontrats a hain or smooth rational
urves C1, . . . , Ck to the point ξ suh that C
2
i = −2 on the surfae S.
We may assume that
C1 · C2 = Ck · Ck−1 = 1
and C1 · Ci = Ck · Cj = 0 for i 6= 2 and j 6= k − 1.
Lemma 5.13. The urve B¯ is reduible.
Proof. Suppose that B¯ is irreduible. Then B¯ is a smooth rational
ubi urve. Let us restrit our linear system D to the surfae H . We
have
D|H = νB +multB¯(D)B¯ + B ≡ n
(
B + B¯
)
,
where B is a linear system on H that has no xed omponents. Thus,
we have
0 ≤
((
ν − µ
)
B + B
)
· B¯ =
(
n−multB¯(D)
)
B¯2,
whih implies that multB¯(D) > n in the ase when B¯
2 < 0. It is easy
to hek that the inequality multB¯(D) > n is impossible, beause
(ν − n)B + B =
(
n−multB¯(D)
)
B¯
on the surfae H . The point ξ is an intersetion point of B and B¯,
and the linear subspae Λ is not a tangent subspae to V , beause
multipliity of B¯ ∪ B in every point is at most two. Similarly, we see
that Λ 6⊂ Υ. Thus, we have B¯2 < 0, beause the B¯ on H an be
ontrated to a Du Val singular point of type Ak+1. The lemma is
proved.
It follows from the proof of Lemma 5.13 that to onlude the proof
it is enough to prove that the intersetion form of the irreduible om-
ponents of the urve B¯ on the surfae H is negatively dened. The
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negative deniteness of the intersetion form of the irreduible ompo-
nents of the urve B¯ implies the existene of a ommutative diagram
V¯
β
//______
α

Vˇ
γ

V
ψ
//______ P1,
where ψ is a rational map indued by the projetion from Λ, α is an
extremal blow up of the urve B, β is a omposition of anti-ips in the
irreduible omponents of the urve B¯, and γ is a bration into K3
surfaes. Thus, the geometrial naturs of the negative deniteness of
the intersetion form of the irreduible omponents of the urve B¯ is
the existene of so-alled bad link in the notations of [4℄.
Lemma 5.14. The urve B¯ is not redued.
Proof. Suppose that B¯ is redued. Then B¯ is either a union of three
lines, or a union of a line and a oni. We onsider only the former
ase. Thus, we have
B¯ = L1 ∪ L2 ∪ L3,
where L1, L2 and L3 are dierent lines.
The lines L1, L2, L3 do not pass through a smooth point of the
surfae H , beause otherwise they must lie on a plane in P5, whih
ontradits to Λ = P3. Thus, there are three possible subases:
• the lines L1, L2, L3 pass through the point ξ;
• the lines L1, L2, L3 pass through a singular point of H that is
dierent from ξ;
• the lines L1, L2, L3 do not interset in one point.
To onlude the proof it is enough to prove that the intersetion form
of the irreduible omponents of the lines L1, L2 and L3 on the surfae
H is negatively dened.
Suppose that Λ 6⊂ Υ. Then Λ ∩ Υ is a plane, whih implies that at
least one line among L1, L2 and L3 does not pass through the point ξ by
the ondition G2. Similarly, we see that it follows form the onditions
G2 and G3 that at most one line among L1, L2 and L3 passes through
the point ξ (see the proof of Lemma 5.9.
Let L¯i be the proper transform of the line Li on the surfae S. Then
the urves L¯1, L¯2, L¯3, C1, . . . , Ck form a Du Val graph of type Dk+4
in the ase when the lines L1, L2, L3 pass through a singular point
of the surfae H that is dierent from the point ξ, otherwise they
form a Du Val graph of type Dk+3. Hene, the lines L1, L2 and L3
an be ontrated to a Du Val singular point, whih implies that they
intersetion form on the surfae H is negatively dened (see [1℄).
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We may assume that Λ ⊂ Υ. Then Q|Λ is a one, whose vertex is
ξ, whih implies that H is smooth outside of ξ, and L1, L2, L3 pass
through the point ξ.
In the ase k = 1, the lines L1, L2, L3 an be ontrated to a Du Val
singular point of type D4, whih implies that they intersetion form on
the surfae H is negatively dened. Thus, we assume that k 6= 1. Then
there is a plane Ω ⊂ Λ suh that Ω ontains at least two of the lines L1,
L2, L3, but Ω ⊂ Q. The latter is impossible by onditions onditions
G2 and G3. The lemma is proved.
Thus, we may assume that B¯ is not redued. Then
B¯ = 2L+ L′,
where L and L′ are dierent lines. Moreover, it follows from the proof
of Lemma 5.14 that to obtain a ontradition and onlude the proof
of Theorem 5.2 it is enough to prove the existene of a birational mor-
phism H → H¯ that ontrats both lines L and L′.
Lemma 5.15. The linear subspae Λ is not a tangent linear subspae
to V at any smooth point of V .
Prof. Suppose that Λ is a tangent linear subspae to V at a point of
O ∈ V suh that O 6= ξ. Then multO(B+B¯) ≥ 4, whih implies that O
is the intersetion point of the urve L, L′ and B. On the other hand,
the quadri Q|Λ must be singular at O, whih implies that Q|Λ is an
irreduible quadri one, whose vertex is the point O. Arguing as in
the proof of Lemma 5.10, we obtain a ontradition with the ondition
G2. The lemma is proved.
Thus, the surfae H is smooth outside of L∪ξ, and the line L passes
through at most three singular points of the surfae H , beause H has
isolated singularities. Moreover, the proof of Lemma 5.15 implies that
the quadri surfae Q|Λ is smooth, whih implies Λ 6⊂ Υ.
Lemma 5.16. The surfae H has at most two singular points on the
line L.
Proof. Suppose that the surfae H has exatly three singular points
on L. Let p1 and p2 be singular points of the surfae H ontained in L
that are dierent from the singular point ξ, and Ξ be a hyperplane in
P5 suh that H = V ∩ Ξ. Put Qˇ = Q|Ξ and Tˇ = T |Ξ.
Let Γ be any hyperplane in Ξ ∼= P4 that is tangent to the quadri Qˇ
at any point of the line L. Then the yle V |Γ is not redued along L,
beause V |Γ is a omplete intersetion of a quadri Qˇ and a ubi Tˇ
that has at least 4 singular point on the line L.
Suppose that Qˇ is smooth. Then Qˇ|Γ is a quadri one. Hene,
the arguments of the proof of Lemma 5.10 imply that there is a two-
dimensional linear subspae Ω ⊂ P5 suh that the subshema V |Ω is
not redued along L, whih is impossible by the ondition G2.
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Suppose that Qˇ is a one that is singular at some point of L. Then
Q|Λ is an irreduible one. Arguing as in the proof of Lemma 5.10, we
obtain a ontradition with the ondition G2.
The quadri Qˇ must be a one that is smooth along the line L. Then
Qˇ|Γ = Ω1∪Ω2, where Ωi is a two-dimensional linear subspae in Ξ ∼= P4.
We may assume that
Ω1 ∩ Ω2 6= L ⊂ Ω1,
but the yle V |Γ is not redued along L, whih implies that the sub-
shema V |Ω1 is not redued along L, whih is impossible by the ondi-
tion G2. The lemma is proved.
We may assume that the surfae H has exatly two singular points
on the line L, beause the other ase is simpler.
Lemma 5.17. The line L ontains the point ξ.
Proof. Suppose that ξ 6∈ L. Then ξ ∈ L′. Arguing as in the proof of
Lemma 5.14, we see that the lines L and L′ an be ontrated on the
surfae H to a singular point of type Dk+4. The lemma is proved.
Let p1 be the singular point of H that is dierent from ξ, and Z be
the urve on the surfae S suh that pi(Z) = p1. Then Z is a smooth
rational urve suh that Z2 = −2, but p1 6∈ L′, beause Λ is not a
tangent linear subspae to V at L ∩ L′.
Let L¯ and L¯′ be the proper transforms of the urves L and L′ on the
surfae S, respetively. To onlude to proof of Proposition 5.2, it is
enough to show that the urves
L¯, L¯′, Z, C1, . . . , Ck
form a graph of Du Val type. The urves L¯, L¯′, Z, C1, . . . , Ck form the
following graphs:
• a graph of type A4 in the ase when k = 1 and ξ ∈ L′;
• a graph of type Dk+3 in the ase when ξ 6∈ L′.
Thus, we may assume that ξ ∈ L′ and k ≥ 2. Then the plane Υ ∩ Λ
must be ontained in the quadri Q. On the other hand, the plane
Υ ∩ Λ ontains both lines L and L′, whih is impossible by onditions
onditions G2 and G3. Thus, the laim of Proposition 5.2 is proved.
6. Remarks on points.
Let V ∈ F be the omplete intersetion of a quadri Q and a ubi
T with an ordinary double point ξ, as before. We suppose all the
onditions G1, . . . ,G5 are satised.
We x a linear system D ⊂ | − nKV | that has no xed omponents.
Let O be a smooth point of V , and Λ be the three-dimensional linear
subspae in P5 that is tangent to V at the point O. Put ν = multO(D).
The proof of Proposition 5.2 an be adjusted to prove the following
result.
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Proposition 6.1. The inequality ν ≤ n holds.
Proof. We may assume that ξ ∈ Λ due to [9℄. The quadri Q|Λ and
the ubi T |Λ are singular at O. Moreover, the ubi T is singular at
ξ. Let L1 be the line in Q|Λ that passes through the points O and ξ.
Then L1 ⊂ T , whih implies that L1 ⊂ Λ ∩ V .
Let Υ be the hyperplane in P5, that is tangent to the quadri Q
at the point ξ, H be a suiently general hyperplane setion of the
threefold V that ontains Λ∩V . Then it follows from the ondition G5
that Λ 6⊂ Υ, whih implies (see Lemma 5.9) that the point ξ is either a
singular point of type A1 on the surfae H , or a singular point of type
A2 on the surfae H .
Lemma 6.2. The point ξ is an isolated ordinary double point of H.
Proof. Suppose that k = 2. Then multξ(V |Λ) ≥ 3, but multO(V |Λ) ≥
4, and the yle V |Λ is redued along L1 by the ondition G4. Blowing
up the threefold V at the point ξ, we see that there is a plane Ω ⊂ Q
that ontains the line L1 together with another line that is passed
through ξ and ontained in V , whih is impossible by the onditions
G2 and G3. The lemma is proved.
Let α : V¯ → V be a blow up of the point O, and F be the exeptional
divisor of α.
Lemma 6.3. The point O is an isolated ordinary double point of H.
Proof. The laim is lear in the ase when Q|Λ is an irreduible quadri
one. In general, we have the equality
multO(V |Λ) = multO(H) +
∑
Z⊂F
deg(Z)multZ(H¯ · H¯
′),
where H¯ is a proper transform of H on V¯ , H¯ ′ is a proper transform on
V¯ of a general hyperplane setion of V ontaining V ∩ Λ, and Z is an
irreduible urve on F ∼= P2. However, it follows from the ondition G2
and G3 that the equality multO(V |Λ) = 4 holds. Therefore, the penil
spanned by the surfaes H¯ and H¯ ′ does not has base urves ontained
in F , whih implies that the point O is an isolated ordinary double
point of H . The lemma is proved.
It follows from the proof of Lemma 5.10 that V |Λ is redued exept
possibly the ase when Q|Λ is a union of two planes interseting in a
line dierent from L1. However, it follows from the onditions G2 and
G3 that the quadri Q|Λ does not ontain a plane that ontain a line
dierent from L1.
Corollary 6.4. The yle V |Λ is redued.
Suppose that
V |Λ = L1 + L1 + L3 +B,
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where Li is a line, and B is a smooth rational urve of degree 3. Then
ξ ∈ B, O ∈ B and O ∈ Li, beause multξ(V |Λ) ≥ 2 and multO(V |Λ) ≥
4.
Remark 6.5. The surfae H is smooth outside of O and ξ.
Let pi : S → H be the minimal resolution of singularities of the sur-
fae H . Then pi is indued by a omposition of α and a blow of ξ. The
birational morphism pi ontrats two smooth rational urves E and Z
suh that pi(E) = ξ and pi(Z) = O. Let L¯i be the proper transform
of the line Li on the surfae S, and B¯ be the proper transform of the
urve B on the surfae S. Then
L¯21 = L¯
2
2 = L¯
2
3 = B¯
2 = E2 = Z2 = −2,
beause S is a smooth K3 surfae.
It follows from the proof of Proposition 5.2 that to prove the inequal-
ity ν ≤ n it is enough to prove that the intersetion form of the urves
L¯1, L¯2, L¯3, B¯ and E on the surfae S is negatively dened. In fat,
the inequality ν ≤ n follows from the semi-negative deniteness of the
intersetion form of the urves L¯1, L¯2, L¯3, B¯ and E on the surfae S.
Remark 6.6. The semi-negative deniteness of the intersetion form of
the urves L¯1, L¯2, L¯3, B¯ and E implies the existene of a ommutative
diagram
V¯
β
//______
α

Vˇ
γ

V
ψ
//______ P1,
where ψ is a rational map indued by the projetion from Λ, β is
a omposition of anti-ips, and γ is either an ellipti bration, or a
bration into K3 surfaes. Thus, the semi-negative deniteness of the
intersetion form of the urves L¯1, L¯2, L¯3, B¯ and E implies the existene
of so-alled bad link in the notations of [4℄.
The urves L¯1, L¯2, L¯3, B¯, and E form a graph D5. Therefore, the
intersetion form of the urves L¯1, L¯2, L¯3, B¯ and E1 is negatively
dened, whih onludes the proof of Proposition 6.1 in the ase when
the intersetion V ∩ Λ onsists of three dierent lines and a smooth
rational ubi urve. In general, the proof is similar and left to the
reader.
7. Finishing the proof.
Let V ∈ F be the omplete intersetion of a quadri Q and a ubi
T in P5 with an ordinary double point ξ ∈ V . We suppose V satises
the onditions G1, . . . ,G5.
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Lemma 7.1. Let B ⊂ V be either a line, or a oni suh that 〈B〉 ⊂ Q,
or a oni suh that 〈B〉 6⊂ Q and ξ ∈ B. Consider a linear system D ⊂
|n(−KX) − νB| without xed omponents. Then there is a birational
automorphism τ : V 99K V suh that:
• τ−1∗ D ⊂ |(4n− 3ν)(−KV )− (5n− 4ν)B|, if B is a line;
• τ−1∗ D ⊂ |(13n − 12ν)(−KV ) − (14n − 13ν)B|, if B is a oni
and 〈B〉 ⊂ Q;
• τ−1∗ D ⊂ |(15n − 14ν)(−KV ) − (16n − 15ν)B|, if B is a oni,
〈B〉 6⊂ Q, and ξ ∈ B.
Proof. The rst two ases are the same as in the non-singular ase,
even if B ontains the singular point, and they are dealt ompletely in
[9℄.
Let B be a oni, ξ ∈ B, and 〈B〉 6⊂ Q. Then we dene τ as
follows. Consider a general 3-dimensional linear subspae L ⊃ 〈B〉.
Then V |L = B + C, where C is an ellipti urve that intersets B at
the point ξ and at another 3 points. Let V ′ → V be the blow-up of
ξ and then the strit transform of the urve B with the exeptional
divisors E and F respetively. We see that there is a Zariski open
subset V¯ ′ ⊂ V ′ that is bred into ellipti urves over an open subset
E¯ ∈ E (really we have to throw out only a nitely many points in E).
The there is a reetion on V¯ ′ that is on eah ber s ⊂ V¯ ′ a usual
reetion on ellipti urve with respet to the point s∩ E¯. Notie that
F beomes a three-setion of the bration. On V this reetion gives
the birational automorphism τ . The reader an hek that the ation
of τ is desribed as above. The lemma is proved.
Lemma 7.2. Let V1 and V2 be varieties from F that are birational to
eah other, and ψ : V1 99K V2 is the orresponding birational map (it
is desribed in setion 2). Let D ⊂ |n(−KV1)− νξ| be a linear system
without xed omponents. Then
ψ∗D ⊂ |(2n− ν)(−KV2)− (3n− 2ν)ξ|.
Proof. It an be heked immediately using the onstrution of ψ.
Notie that on V1 there is a unique element in | − KV1 | that has the
multipliity 3 at the point ξ. The lemma is proved.
Proof of the part (ii) of theorem 2.1. Let ρ : U → S be a Mori
bration, V1 is a variety from F with its birational "ounterpart" V2,
and χ : V1 99K U a birational map. Consider a very ample linear
system
DU = |n
′(−KU) + ρ
∗(A)|,
where A is an ample divisor on S. Denote D the strit transform on
V1 of DU by means of χ.
It only remains to ollet the data of propositions 4.1 and 5.2 and
lemmas 7.1 and 7.2. If D has no maximal singularities, then χ must be
an isomorphism by theorem 4.2 in [2℄. If D has maximal singularities,
BIRATIONAL RIGIDITY IS NOT AN OPEN PROPERTY 25
we apply nitely many times the birational automorphisms from lemma
7.1 or the birational map from lemma 7.2 in any order. Eah time we
derease the degree of the strit transforms of D, and nally we get the
result by propositions 5.2 and 4.1. The theorem is proved.
8. Final remarks.
Birational rigidity may fall under small deformations not only for
Fano varieties. We an give at least two examples for del Pezzo bra-
tions.
The rst example. Let Q ⊂ P4 be a non-degenerate quadrati one,
and QS its non-singular setion by a general quarti hypersurfae F .
Consider a double over V ′ → Q branhed along QS. The variety V
′
is
not Q-fatorial and has two double points over the vertex of the one.
There are two small resolutions V1 and V2 of V
′
that are related by
means of op ψ : V1 99K V2. It is easy to see that these varieties are
atually brations V1/P
1
and V2/P
1
into del Pezzo surfaes of degree
2, and the op ψ is not square. The bers of these brations arise
from two penils of planes in Q. It is proved ([6℄) that, in general ase,
these brations are unique Mori brations in their lass of birational
equivalene, up to square birational maps. It is easy to see that for a
general hoie of F the varieties V1 and V2 are not isomorphi to eah
other, thus they are non-rigid. But they beome isomorphi if the se
tion QS is invariant with respet to the natural involution on Q that
exhange the penils of planes, and in this ase, V1/P
1
(or, whih is the
same, V@/P
1
) is birationally rigid. Clearly, small deformations may
break the symmetry of QS, and we obtain the general, i.e., non-rigid,
ase.
The seond example. This is the ase (ε, n1, n2, n3) = (0, 2, 2, 2) in
[7℄. Consider a P3-bration X → P1 that is dened by the proje-
tivization of the bundle E = O ⊕O(2)⊕O(2)⊕O(2). Let Q ⊂ X be
a threefold that is bred over P1 into non-degenerate quadrati ones.
The verties of the ones lie on the minimal setion t of X (i.e., that
orresponds to surjetion E → O), Q ∼ 2M − 4L, where M is the tau-
tologial divisor, L is a ber ofX . Consider a double over V → X that
is branhed over a non-singular setion QR = Q ∩ R, where R ∼ 3M .
Notie that t ◦R = 0. We see that V is a bration V/P1 into del Pezzo
surfaes of degree 1. It has a setion s that lies over t, and there is a
op ψ : V 99K U entered at s, onto a bration U/P1 into del Pezzo
surfaes of degree 1 with the same onstrution. It is proved that, up
to square birational map s, these brations are unique Mori brations
in their lass of birational equivalene. As before, they are not isomor-
phi and non-rigid in general ase, but for speially hosen divisors R,
they beomes isomorphi, and thus rigid by denition 1.1.
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